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Abstract
This paper proposes a three degrees of freedom (3DOF) quasi-steady aerodynamic model
and an instability criterion for a bluff body, which is uniform along the length axis. The model
and criterion has been developed in the frame of investigating aerodynamic instability of cables due to ice accretions but can generally be applied for aerodynamic instability prediction
for prismatic bluff bodies. The 3DOF, which make up the movement of the model, are the
displacements in the XY-plane and the rotation around the bluff body’s rotational axis. The
proposed model incorporates inertia coupling between the three degrees of freedom and is capable of estimating the onset of aerodynamic instability for changes in drag, lift and moment,
which is a function of wind angle of attack
in relation to the x-axis of the bluff body,
Reynolds number and wind angle
in relation to the length axis of the bluff body. Further
more the model is capable of predicting an estimate for the structural damping needed for
avoiding instability of the bluff body.
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Figure 1. Definition of system.
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= displacement direction.
= displacement direction.
= rotation direction.
= angle offset for mass centre.
= mass centre offset.
= structural stiffness in x direction.
= structural stiffness in y direction.
= structural damping in θ direction.
= structural damping in x direction.
= structural damping in y direction.
= structural stiffness in θ direction.
(XG,YG) = mass centre.
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INTRODUCTION

The main purpose for models, which investigates aero-elastic behaviour, is to predict when
aerodynamic instability occurs. During the last 80 years a number of models have been proposed and over the last couple of years aerodynamic damping, as a driving force for vibration,
has received some renewed attention. Den Hartog proposed his stability criterion in 1932, Ref.
[5], for a 1DOF system, which was defined for a bluff body with an aerodynamic lift coefficient formulated as a function of wind angle of attack in relation to the surface of the bluff
body. Later, 1962, Davenport proposed an expression for the aerodynamic damping in the
along wind and the transverse wind direction of a cylinder Ref. [3]. In 1981 Martin et al. proposed the instability criteria, which now is known under the name of “Drag instability” Ref.
[7]. Up to that point all expressions for the aerodynamic damping were special cases, which
should be applied individually. In 2006 a unified approach to damping and drag/lift instabilities was proposed by Macdonald and Larose Ref. [6] for a 1DOF system, which was later extended to a 2DOF system. This general quasi-steady 2DOF instability model is able to
estimate the structural damping needed for avoiding instability of a bluff body moving in the
XY-plane. The 2DOF model is capable of predicting the special cases, which earlier were applied individually, but lack the possibility of predicting inertial coupling for a bluff body with
a mass centre offset from its rotational axis.
Through an ongoing research project on iced cables, which focuses on the different effects
that ice accretions might have on the aerodynamic stability, it was found that torsion also
played a vital role in the stability of a cable, Ref. [2], under certain conditions. This sparked
the foundation for the idea to add the rotational dimension to the model developed by Macdonald and Larose in order to obtain a more comprehensive tool for analysing the stability of
cables based on the quasi-static aerodynamic forces. In order to expand the model presented
in Ref. [6] with an extra dimension it was necessary to find a quasi-static description of the
rotational speed of the cable. Some research has been performed on torsional instability for
models with different geometries and an approximation of the quasi-static rotational speed has
been found for several geometries. A summary of this research can be found in Ref. [1] section 4.2.2. It is worth noticing that making a quasi-static description of the rotational speed
seems to be difficult and according to the author’s knowledge no unified expression, which
clearly defines how to calculate the speed, has been devolved so far.
Using the research on an approximation to a quasi-static rotational speed, Ref. [1] section
4.2.2, it was possible to develop a new 3DOF quasi-steady model, which is proposed in this
paper. This new 3DOF general quasi-static aerodynamic instability model incorporates the
rotational movement of the cable and the coupling of all three degrees of freedom. In addition
to prediction the instability of the cable in the XY-plane the new model is also capable of prediction instability due to the rotation of the cable and to predict instability due to a combination of movement in all the three degrees of freedom.
Furthermore, this new 3DOF general quasi-static aerodynamic instability model is also capable of estimating the damping need to suppress this instability. The model is able to predict
the same levels of damping as the 2DOF model proposes by Macdonald et al. Additionally, it
is capable of predicting the torsional damping needed to suppress instability and the combined
damping need to suppress damping for an instability, which is a function of simultaneous motion in all three degrees of freedom.
2

THE MODEL

The bluff body model is based on a section model approach and developed for a cable with
a thin ice accretion. The application of this model can be expanded to any geometry of a
2
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prismatic bluff body subjected to aerodynamic instability. Figure 1, Figure 2 and Figure 3
shows the bluff body coordinate systems for load and structural respone, defined for a cable
with a thin ice accretion.
= displacement, velocity.
= displacement, velocity.
= steady wind angle of attack
Bluff body (iced cable)
longitudinal axis

= structural rotation, angular velocity.
= wind angle of attack, cable surface.
= angle of rotation, relative wind.
= wind angle of attack, cable length axis.
= lift.
= drag.
= moment.
= Radial length for rotational speed.
= leading edge angle.
= mean wind velocity.
= relative wind velocity.
= projected relative vertical wind velocity.
= projected relative horizontal wind velocity.
= normal projected relative wind velocity.
= along axis wind velocity.

Figure 2. Schematic model of cable section with ice accretion.

The position of the ice accretion is described in the x-y coordinate system of the crosssectional plane of the still body (Figure 3). If rotation is induced the angle describes the
magnitude of rotation around the length axis of the bluff body.
Projected overall velocities
(1)

Relative velocities

(2)

Assumptions used in deriving the model:
 The model is based on a section model approach for a prismatic cable, which makes
the assumption implying that the cable is straight and rigid at the midpoint of the cable.
 The ice shape is assumed to be prismatic.
 The structural damping is proportional to the velocity.
 The stiffness of the cable is constant.
 The overall wind speed, , is constant.
 The rotational speed can be represented by motion of the leading edge point.
 Quasi-steady theory can be applied.
3
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Gravitational forces are not included.
Ice

Figure 3. Analytical model of cable section with ice accretion.

Figure 4. Definition of β.

Assumptions used in deriving the instability criterion:
 The cable is at rest at the initiation of the instability.
 Quasi-steady theory can be applied.
The instability criterion should only be used for a reduced velocity greater then
due to the assumption of quasi-steady state and if the rotational degree of freedom is included then the criterion is limited to compact sections, see Ref. [1] section 4.2.2.
In the following the notation for time depended variables as
and . Derivatives in respect to time are written as (

and

is written

and

Both, the vertical and rotational motion of the cable section cause the angle of attack to
vary over the section. For example, a positive rotational velocity induces a down draft forward of the centre of rotation and an updraft behind the centre of rotation and vice versa. The
rotational velocity is approximated by the motion of a reference point defined in polar coordinates by the radial distance
and angle as shown in Figure 3. As discussed in Ref. [1] section 4.2.2, the length
is not directly related to characteristic points of the section geometry
or of the flow field. It is rather a variable used to adjust the aerodynamic model output to the
observed instabilities. For example for torsional instability of rectangles about the centroid
has been approximated to half the distance between the centroid and the body’s leading edge
under the respective angle of attack. In the case discussed in this paper the length
is chosen
to be the length between the centre of rotation and to the leading edge of the model.
3

FORMULATION OF EQUATIONS

In deriving the equation of motion the energy approach has been applied using the EulerLagrange equation, see Eq. (3).
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(3)

where T is the kinetic energy of the system and V is the potential energy of the system.
3.1 Equations of motion
Figure 5 shows the coordinate system of the cable with ice accretion and illustrates the
mass centre location of the model.
The dotted line shows the sign convention and the origin of the coordinate system
,
which is the centre of the cable model shown in Figure 1. The point
is the displaced
centre of the cable due to motion of the cable section in the x-y-plane.
and
define the
location of the mass centre of the cable section, where and Le are the polar coordinates of
the mass centre in the x-y-plane and the additional angle due to rotation of the cable. The
indices Trans and Rot refer to the movement of the mass centre due to translation and rotation
respectively.

Figure 5. Definition of mass centre coordinates.

Eq. (4) and Eq. (5) gives the position for the mass centre of the cable.
(4)
(5)

Using the Euler-Lagrange equation requires that one calculates the kinetic energy and potential energy according to the coordinate system shown in Figure 5. The obtained expressions for the energies are shown in Eq. (6) to Eq. (7).
(6)

(7)

where
5

is the mass of the system and

is the rotational inertia about the mass centre.
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Using the Euler-Lagrange approach results in obtaining the equation of motions (EOMs),
which are given in Eq. (8) to Eq. (10).
(8)
(9)
(10)

, and
are the external aerodynamic forces, which are presented in Eq. (11) to Eq.
(13) for small initial displacements, where
and are given in Figure 3 and
Figure 1, respectively.
The inertial coupling term for the -direction,
, consists
of two terms. The first coupling term is the centripetal force,
, and the second coupling term is the force originating from the angular acceleration,
.
Similar applies for the inertia coupling formulation in the -direction. The inertial coupling in
the -direction is based on tangential projections of the acceleration forces originating from
the acceleration in the - and -direction.
(11)

(12)

(13)

3.2 Aerodynamic damping
The instability criterion is based on a linearized version of the EOMs. This linearization is
obtained by performing a Taylor expansion of the aerodynamic forces given in Eq. (11) to Eq.
(13) to first order around the velocity of
.

(14)

The Taylor expansion (Eq. (14)) of the aerodynamic forces results in a static wind force for
all three directions and a dynamic force, which is equal to a Jacobian matrix
multiplied
with the velocity in the three directions,
where
.
is the aerodynamic damping matrix as given in eq. (15). The values of the aerodynamic
damping matrix
are calculated for small initial displacements (
and found by applying an approach presented and discussed in Ref. [6].
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(15)

Furthermore, it is assumed that all higher order terms in the EOMs are negligible. These
assumptions derive from the instant where a vibration event is initiated on the body. Eq. (16)
gives the total damping matrix containing both structural and aerodynamic damping.
(16)

With these assumptions it is possible estimate the stability of the 3DOF system by rewriting the equations of motions (Eq. (8) to Eq. (10)) into state space and solving the eigenvalue
problem which can be obtained here from.
Eq. (17) to Eq. (19) give the linearized version for the equations of motions Eq. (8) to Eq.
(10), with the static aerodynamic force equal to zero,
where
.

(17)

(18)

(19)

Below Eq. (20) shows the state-space matrix, which is obtained from Eq. (17) to Eq. (19)

(20)

Where is a 3x3 sub-matrix, see Eq. (21), and
to Eq. (24) and

and

is a 3x1 sub-vector, see Eq. (22)

represents the position of the cable section.
represents velocity of the cable section.
7
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represents acceleration of the cable section.

(21)

(22)

(23)

(24)

It is through solving the eigenvalue problem for this linearized system of equations that it
is possible to estimate the aerodynamic stability of a bluff body subjected to aerodynamic
forces. The system of equations is stable if all the roots of the eigenvalue problem are below
zero. The eigenvalue problem for this system of equations results in a 6th order polynomial,
which can be solved either by numerical means or analytically by applying the Routh-Hurwitz
stability criterion to the 6th order polynomial. By using the Routh-Hurwitz stability criterion it
is also possible to differentiate whether the instability is characterised as diverged or flutter,
Ref. [8].
4

PREDICTION OF INSTABILITY

The following describes the results found by the new 3DOF model proposed in this paper.
Due to the limited number of wind tunnel experiments providing input data for the new model,
the presented analysis focuses only on aerodynamic phenomena for wind normal to the cable
axis. Previously performed analysis of 2DOF response in the x-y-direction is reported by
Gjelstrup et al. in Ref. [4]
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4.1 Aerodynamic data
Figure 6 shows the aerodynamic input data, used by the new model, which are taken from
wind tunnel test performed by Chabart et al in 1998, Ref. [2]. The aerodynamic data are used
in calculating the instability ranges, which are shown in Figure 8.
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Figure 6. Aerodynamic coefficients taken from Ref. [2] and transformed
into the model’s coordinate system.

4.2 Calculated instability
Figure 7 shows a cross sectional view of the iced cable model from which the aerodynamic
data were obtained.
is the calculated individually for each angle of attack on the nondisplaced body and used for the prediction of the instability range of the iced cable model.
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Figure 7. Iced cable with radial distance
edge.
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Figure 8a shows the calculated instability range found by using the aerodynamic data
shown in Figure 6. Values less than zero indicate the ranges of instability predicted by the
model. The unstable ranges are ~25° - ~45°, ~70° - ~135° and ~170° - 180°. Figure 8a also
shows the Den Hartog criterion for instability, which states that galloping occurs, if
, where
and
are aerodynamic drag and lift coefficients and is the wind
angle of attack. The value of
is marked with a white line dotted with circles
and the zero level for the Den Hartog criteria is marked with a straight white line, see Figure
8a. The Den Hartog criterion predicts instability in two ranges, 30° - 45° and 170° - 180°.
Comparing the results from these three approaches in Figure 8b it is demonstrated that the
new model is capable of predicting instability over a wide range of wind angles of attack acting in a combined effect of drag lift and moment, which is not considered by previous models.
% of critical structural damping, (Vertical, Horizontal) = 0.08 Torsion = 0.3 x 107
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Figure 8. a) Range of predicted instability for the combined Drag, Lift and moment
and
. b) Comparison of experimental found instability with Den Hartog and
the 3DOF model

4.3 Discussion of results
Comparing the numerical found instability with results from previously made wind tunnel
test, Ref. [2], good agreement between the experimental observed instability and the range
predicted from the here presented model could be demonstrated. However the ranges from
~45° - ~70° and ~135° - ~170° are considered as stable in the numerical model, whereas the
wind tunnel test, performed by Chabart et al. Ref. [2], shows that the model tested for different wind speeds and angles of attack was unstable in the entire range between 20° to 180°.
10

H. Gjelstrup, A. Larsen, C. Georgakis and H. Koss

In comparison to older models designed with the aim to predict aerodynamic instability
based on aerodynamic forces, this new model is able to predict instability over a wider range
of wind angles.
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